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We present a nonparametric form-invariance transformation through which we establish a link
between phantom and tachyonic models in flat Friedmann-Robertson-Walker cosmologies.
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I. INTRODUCTION
The concept of symmetry has an undoubted impor-
tance in physics, both in the dynamical cases and in
nondynamical ones [1–13]. Dynamical symmetries corre-
spond to some inherent property of the matter or space-
time evolution and constrain the solutions of the equa-
tions of motion while nondynamical symmetries arising
because of the way in which we formulate the action and
give rise to mathematical identities. Examples of the lat-
ter are the non-Noether symmetries [14–19] and the form
invariance symmetries [20–31].
The transformations that respect the form invariance
symmetries (FIT) are very useful in several interesting
cosmological problems not only to linearize complicated
equations of motion but also to generate new cosmologies
from the old known inside the same metric [32]. In this
paper we will devote attention to a nonparametric group
of FIT that leaves invariant the Einstein equations like
identities.
The Einstein equations for a flat Friedmann-
Robertson-Walker (FRW) cosmological model with fac-
tor of scale a, filled with a perfect fluid with energy den-
sity ρ and pressure p, are
3H2 = ρ, H = a˙/a, (1a)
ρ˙+ 3H(ρ+ p) = 0, (1b)
where a dot denotes differentiation with respect to the
cosmic time.
Another cosmological model filled with a perfect fluid
which energy density is ρ¯ and pressure is p¯, will generate
similar expressions
3H¯2 = ρ¯, H¯ = ˙¯a/a¯, (2a)
˙¯ρ+ 3H¯(ρ¯+ p¯) = 0. (2b)
Form invariance concept such as used in [24], refers
to nonlocal transformations which connect the two sets
(1) and (2) leaving unchanged those expressions. This
implies that the transformations, described as connec-
tions between the energy densities, must meet the re-
quirements
ρ¯ = ρ¯(ρ), (3a)
H¯ =
( ρ¯
ρ
)1/2
H, (3b)
p¯ = −ρ¯+
(ρ
ρ¯
)1/2
(ρ+ p)
dρ¯
dρ
(3c)
for any invertible function ρ¯(ρ).
If we consider perfect fluids with barotropic equations
of state p = (γ − 1)ρ and p¯ = (γ¯ − 1)ρ¯, respectively, it
follows that the barotropic indices are related by
γ¯ =
(ρ
ρ¯
)3/2 dρ¯
dρ
γ. (4)
II. THE NONPARAMETRIC GROUP G
Consider the nonparametric group of FIT G = {I,F}
composed by the identity I(ρ) = ρ and the transforma-
tion F(ρ) = ρ−1. The former trivially satisfies the pre-
scriptions (3) while the latter results in the expressions
H¯ =
1
3H
, (5a)
p¯ = −1 + ρ+ p
ρ
, (5b)
γ¯ = −γρ (5c)
for the transformed Hubble factor, global pressure, and
barotropic index. Moreover, from (5a) and H = d ln a/dt
the transformed factor of scale is expressed as
a¯ = a¯0 exp
(∫ da
aρ(a)
)
. (6)
Equation (6) allows us to draw some features about
models connected by this FIT. For example, looking at
the power law solutions of (1) ρ = ρ0a
−n, it is concluded
that de Sitter universes are connected with de Sitter uni-
verses if n = 0. When n 6= 0, the connection is more
interesting. For n < 0, contractive super accelerated
models (γ < 0) are connected with contractive models
2that exhibit decelerated-accelerated transition at some
time ttrans = −6/n > 0 but they are never super accel-
erated (because γ¯ = −4/nt2 > 0 for them). If n > 0,
expansive models always accelerated (0 < n < 2) or al-
ways decelerated (2 < n) are linked with expansive super
accelerated models. Note that for power law solutions,
this FIT never connects a universe in expansion with a
contracting one. Therefore, these dualities are different
in nature to the old known a ↔ a−1 duality [25, 33–37].
We can still note another interesting characteristic
from (6) when the ΛCDM model ρ = Λ+ρ1a
−3 is consid-
ered as the object of the transformation. The bouncing
solution
a =

√ρ1
Λ
sinh

sinh−1 (
√
Λa3
0
ρ1
)
+
√
3Λ
2
(t− t0)




2/3
,
which is singular for tb = t0 − 2√
3Λ
sinh−1(
√
Λa3
0
/ρ1),
is mapped onto the transformed, nonsingular bouncing
solution
a¯
a¯0
=
(
cosh
[
sinh−1
(√
Λa3
0
ρ1
)
+
√
3Λ
2
(t− t0)
])2/3Λ
(1 +
Λa3
0
ρ1
)1/3Λ
,
showing a new type of duality, between singular and non-
singular bouncing models.
A. Linking phantom and tachyonic models
Finally, consider a FRW model, filled with a phantom
quintessence field ϕ with energy density ρϕ, pressure pϕ,
and barotropic index γϕ,
ρϕ = − ϕ˙
2
2
+ U(ϕ), (7a)
pϕ = − ϕ˙
2
2
− U(ϕ), (7b)
γϕ =
−2ϕ˙2
−ϕ˙2 + 2U(ϕ) , (7c)
with U(ϕ) an arbitrary positive phantom potential. The
transformation F(ρ) allows us to consider the ϕ field as a
tachyon T field with energy density ρT , pressure pT , and
barotropic index γT ,
ρT =
V (T )√
1− T˙ 2
, (8a)
pT = −V (T )
√
1− T˙ 2, (8b)
γT = T˙
2 (8c)
because (5c) equalizes both fields (to less than a con-
stant) if the tachyonic model is considered as the trans-
formation of the phantom quintessence one. There-
fore, this transformation describes a duality between the
tachyonic and phantom descriptions of a cosmological
model in a flat FRW metric. The phantom Lagrangian
L = −ϕ˙2/2 − U(ϕ) is dual, under the FIT F(ρ), to the
tachyonic Lagrangian L¯ = −V (T )
√
1− T˙ 2, where the
tachyonic potential is obtained by the expression
V (T ) =
√
1− ϕ˙2(T )
U(T )− ϕ˙2(T )/2 , (9)
and the constant difference between ϕ and T is taken as
zero. Conversely, given the tachyon potential V (T ), the
phantom potential U(ϕ) is obtained by the expression
U(ϕ) =
T˙ 2(ϕ)
2
+
1
V (ϕ)
√
1− T˙ 2(ϕ). (10)
As a brief example, consider a FRW model driven
by a phantom quintessence scalar field ϕ, with the self-
interaction U(ϕ) = ϕ˙2/2+ λϕ2 [38]. This form of poten-
tial supposes that ϕ˙(ϕ), and in this case it is related with
power law potentials that have been extensively consid-
ered for the inflaton field and for chaotic models [39–43]
From Eq. (7a), it turns out that this potential leads
to the relationship H =
√
λ/3 ϕ and from the conti-
nuity equation for the phantom, it follows that ϕ(t) =√
4λ/3 t + ϕ0. Therefore, U(ϕ) = λϕ
2 + 2λ/3 is a
quadratic potential and the factor of scale has the ex-
pression a(t) = a0exp(λt
2/3+
√
λ/3ϕ0 t). This phantom
model is linked with a FRW universe commanded by a
tachyon field T (t) ≡ ϕ(t) subjected to an inverse square
tachyonic potential V (T ) =
√
1− 4λ/3/λT 2 with a fac-
tor of scale a¯/a¯0 = (
√
4λ/3t+ ϕ0)
1/2λ.
Note that this connection is very different from those
obtained in [44] and [45], where both descriptions, the
scalar and the tachyonic, have the same background evo-
lution but differ at the perturbative level (see also [46]
for dualities of primordial perturbation spectrums). Here
the evolution is different at every level, even though the
fields that command each scenario always have the same
temporal evolution.
III. CONCLUSIONS
Summarizing, we have shown that for power law solu-
tions of (1) with energy densities of the form ρ = ρ0a
−n,
there are links between (i) always super accelerated, con-
tractive universes with contractive universes that suf-
fer a transition between nonaccelerated and accelerated
regimes for n < 0, (ii) de Sitter models with de Sitter
models for n = 0, and (iii) always accelerated or always
decelerated expansive models with super accelerated ex-
pansive models for n > 0. Also, the singular bouncing
3solution of the ΛCDM model is linking with a nonsin-
gular bouncing solution. Most important, for flat FRW
cosmologies, the tachyonic universes are dual to phantom
quintessence models. As a matter of fact, these dualities
are particular cases of the form-invariance symmetry of
the corresponding gravitational field equations under the
nonparametric group G .
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